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1 Introduction

PARMETS is anMPI-basedarallellibrary thatimplementsa variety of algorithmsfor partitioningandrepartitioning
unstructuredyraphsandfor computingfill-reducing orderingsof sparsematrices.PARMETS is particularlysuitedfor
parallelnumericalsimulationsinvolving large unstructuredneshesin this type of computation PARMETS dramati-
cally reduceghetime spentin communicatiorby computingmeshdecompositionsuchthatthe numbersof interface
elementareminimized.

Thealgorithmsin PARMETS arebasedon the multilevel partitioningandfill-reducing orderingalgorithmsthatare
implementedn thewidely-usedserialpackageMEeTS [5]. However, PARMETS extendsthefunctionality provided by
METS andincludesroutinesthatareespeciallysuitedfor parallelcomputationandlarge-scalenumericalsimulations.
In particular PARMETS providesthe following functionality:

e Partition unstructuredyraphsandmeshes.

Repartitiongraphsthatcorrespondo adaptvely refinedmeshes.

o Partition graphsfor multi-phaseandmulti-physicssimulations.

Improve the quality of existing partitionings.

Computefill-reducing orderingsfor sparsairectfactorization.

e Constructhe dualgraphsof meshes

Therestof thismanualis organizedasfollows. Section2 briefly describeshedifferencesetweerthis versionand
the previous major release Section3 describeghe variousalgorithmsthatareimplementedn PARMETS. Section4
describeghe format of the basicparametershat needto be suppliedto the routines. Section5 providesa detailed
descriptionof the calling sequence$or the major routinesin PARMETS. Finally, Section6 describessoftware and
hardwarerequirementsindprovidescontactinformation.



2 What is New in This Version

PARMETS, Version3.x containsa numberof changesver the previous majorreleasgVersion2.x). Theseschanges
includethefollowing:

The namesandcalling sequenc®f all the routineshave changeddueto expandedunctionality thathasbeen
providedin thisreleaseTable1 shovs how thenamesof thevariousroutinesmapfrom versionto version.Note
that Version3.0 is fully backwardscompatiblewith all previous versionsof PARMETS. Thatis, the old API

callshave beenmappedo the new routines.However, the expandedunctionality provided with this releasds
only availableby usingthe new calling sequences.

The four adaptve repartitioningroutines: ParMETIS_RepartLDiffusion, ParMETIS_RepartGDiffusion,
ParMETIS_RepartRemap, andParMETIS_RepartMLRemap have beenreplacedoy a (single)implementa-
tion of aunifiedrepartitioningalgorithm[15], ParMETIS_V3_AdaptiveRepart, thatcombineghebestfeatures
of the previousroutines.

Multiple vertex weights/balanceonstraintaresupportedor mostof theroutines.This allows PARMETS to be
usedto partitiongraphsfor multi-phaseandmulti-physicssimulations.

In orderto optimize partitioningsfor specific heterogeneousomputingarchitecturesijt is nov possibleto

specifythetamgetsub-domairweightsfor eachof the sub-domainandfor eachbalanceconstraint.Thisfeature,
for example,allows the userto computea partitioningin which one of the sub-domainss twice the sizeof all

of theothers.

The numberof sub-domainshasbeende-coupledfrom the numberof processorsn both the static and the
adaptie partitioning schemes. Hence, it is now possibleto usethe parallel partitioning and repartitioning
algorithmsto computea k-way partitioningindependenbf the numberof processorshat are used. Note that
Version2.0 providedthis functionality for the staticpartitioningschemesnly.

Routinesareprovided for both directly partitioninga finite elementmesh,andfor constructinghe dual graph
of ameshin parallel.In version3.1theseroutineshave beenextendedo supportmixedelementmeshes.

Versionl.0 Version2.0 Version3.0

PARKMETIS ParMETIS PartKway ParMETIS V3_Partkway
PARGKMETIS | ParMETIS PartGeomKvay ParMETIS V3_PartGeomKvay
PARGMETIS ParMETIS PartGeom ParMETIS.V3_PartGeom
PARGRMETIS | Not available Not available

PARRMETIS ParMETIS RefineKway ParMETIS V3_RefineKway

PARUAMETIS | ParMETIS RepartLDifusion
PARDAMETIS | ParMETIS RepartGDifusion
Not available ParMETIS RepartRemap
Not available ParMETIS RepartMLRemap

ParMETIS V3_AdaptiveRepart

PAROMETIS ParMETIS NodeND ParMETIS V3_NodeND
Not available Not available ParMETIS V3_PartMeshKvay
Not available Not available ParMETIS V3_Mesh2Dual

Table 1: The relationships between the names of the routines in the different versions of PARMETS.



3 Algorithms Used in PARMEIS

PARMETS providesavarietyof routinesthatcanbeusedo computedifferenttypesof partitioningsandrepartitionings
aswell asfill-reducing orderings.Figure 1 providesan overview of the functionality provided by PARMETS aswell
asaguideto its use.

High quality

ParMETIS_V3_PartGeomKway }

What are your
time/quality tradeoffs?
ParMETIS_V3_Partkway

ParMETIS_V3_PartGeom }

- Do you have coordinates
Partition a graph .
for the vertices?
Y
(33 orng

Partition a mesh b—F{ ParMETIS_V3_PartMeshKway }
Construct a graph from a mesh J—V{ ParMETIS V3 Mesh2Dual J
Repartition a graph corresponding .

to an adaptively refined mesh ParMETIS_V3_AdaptiveRepart
Refine the quality
of a partitioning ParMETIS_V3_RefineKway
Compute a fill-reducing
ordering J—b{ ParMETIS_V3_NodeND }

Figure 1: A brief overview of the functionality provided by PARMETS. The shaded boxes correspond to the actual routines in
PARMETS that implement each particular operation.
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ParMetis Can Do The Following
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3.1 Unstructured Graph Partitioning

ParMETIS_V3_PartKway is theroutinein PARMEIS thatis usedto partitionunstructuredyraphs.Thisroutinetakes
agraphandcomputesa k-way partitioning(wherek is equalto the numberof sub-domainslesiredwhile attempting
to minimizethe numberof edgeghatarecutby the partitioning(i.e., theedge-cu). ParMETIS_V3_PartkKway makes
no assumptionsn how the graphis initially distributedamongthe processorslt caneffectively partitiona graphthat
is randomlydistributedaswell asa graphthatis well distributed. If the graphis initially well distributedamongthe
processorsParMETIS_V3_PartKway will take lesstime to run. However, the quality of the computedpartitionings
doesnot dependntheinitial distribution.

The parallelgraphpartitioning algorithmusedin ParMETIS_V3_PartKway is basedon the serial multilevel k-
way partitioningalgorithmdescribedn [6, 7] andparallelizedin [4, 14]. This algorithmhasbeenshowvn to quickly
producepartitioningsthatareof very high quality. It consistsof threephasesgraphcoarseninginitial partitioning,
anduncoarsening/refinemerin the graphcoarseningphasea seriesof graphsis constructedy collapsingtogether

IThereadershouldnotethe differencebetweerthe termsgraph distribution andgraph partition. A partitioningis a mappingof the verticesto
the processorghatresultsin adistribution. In otherwords,a partitioningspecifiesa distribution. In orderto partitionagraphin parallel,aninitial
distribution of the nodesandedgesof the graphamongthe processorss required.For example,considera graphthatcorrespondso the dual of a
finite-elemenmesh.This graphcouldinitially bepartitionedsimply by mappinggroupsof n/ p consecutiely numberedlementgo eachprocessor
wheren is thenumberof elementsand p is thenumberof processorsOf coursethis naive approachs notlik ely to resultin avery gooddistribution
becaus@lementghatbelongto a numberof differentregionsof the meshmaygetmappedo the sameprocessar(Thatis, eachprocessomayget
anumberof smallsub-domaingsopposedo a singlecontiguousub-domain)Hence you would wantto computea new high-qualitypartitioning
for the graphandthenredistritute the meshaccordingly Notethatit mayalsobethe casethattheinitial graphis well distributed,aswhenmeshes
areadaptvely refinedandrepartitioned.



Multilevel K-way Partitioning
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Figure 2: The three phases of multilevel k-way graph partitioning. During the coarsening phase, the size of the graph is successively decreased. During the
initial partitioning phase, a k-way partitioning is computed, During the multilevel refinement (or uncoarsening) phase, the partitioning is successively refined as it is
projected to the larger graphs. G is the input graph, which is the finest graph. G; 1 is the next level coarser graph of G;j. G is the coarsest graph.

adjacentverticesof the input graphin orderto form a relatedcoarsergraph. Computationof theinitial partitioning
is performedon the coarses{andhencesmallest)of thesegraphs,andsois very fast. Finally, partitionrefinemenis

performedon eachlevel graph,from the coarsesto the finest(i.e., original graph)usinga KL/FM-type refinement
algorithm[2, 9]. Figure2 illustratesthe multilevel graphpartitioningparadigm.

Comparisongerformedin [7] have shavn that serial multilevel k-way partitioningis over 50 times fasterthan
multilevel spectrabisection[12] while producingpartitioningsthatcut 10%to 50%fewer edges Our experimentson
a1024-processcCray T3E have shavn thatParMETIS_V3_PartKway canpartitiona 500-million element3D mesh
in well underaminute!

Recallthatwe mentionedhatif thegraphis well distributedamongtheprocessor®arMETIS_V3_PartKway runs
faster In fact, our experimentshave shavn thatwhenwe useParMETIS_V3_PartKway to partition a graphthatis
distributed accordingto the partitioning producedby an earliercall to ParMETIS_V3_PartKway, 2 the amountof
time requiredfor this secondartitioningis oftenreducedy afactorof two to four. Thereasorfor this hasto dowith
theinter-processocommunicatiorpatternof ParMETIS_V3_PartKway. If thegraphis initially distributedrandomly
(i.e., therearemary interfacevertices),eachprocessospendsa lot of time communicatingnformationaboutthese
interfaceverticesto mary otherprocessorsOn the otherhand,if the graphis well distributed, the numberof inter-
faceverticesis muchsmaller(asis the numberof otherprocessorsvith whom eachprocessohasto communicate),
reducingthe overall runtimeof the partitioner Of course thisis the chickenandegg problem.How canwe initially
distribute the graphnicely without having first partitionedit? We have developedone suchmethodfor partitioning
graphsthat correspondo finite elementmeshes.This is to quickly computea fairly goodinitial partitioningusing
the coordinatevaluesof the mesh. We canthenredistrilute the graphaccordingto this initial partitioningandthen
call ParMETIS_V3_PartKway on the redistributedgraph. PARMEIS providesthe ParMETIS_V3_PartGeomKway
routine for doing just this. Given a graphthatis distributed amongthe processorsand the coordinatesof the ver-
tices? ParMETIS_V3_PartGeomKway quickly computesaninitial partitioningusinga space-fillingcurve method,
redistributesthe graphaccordingto this partitioning, andthencalls ParMETIS_V3_PartKway to computethe final
high-qualitypartitioning. Our experimentshave shavn thatParMETIS_V3_PartGeomKway is oftentwo timesfaster

2Thatis, we first call ParMETIS_V3_PartKway to find a goodpartitioningof a graph.Next we maove the verticesof the graphaccordingto the
computedpartitioning,andthencall ParMETIS_V3_PartKway to partitionthis samebut newly distributed,graph.
3parM ETIS_V3_PartGeomKway requireshe coordinate®f the centersof eachelement.



thanParMETIS_V3_PartKway, andachiezesidenticalpartitionquality.

PARMETS alsoprovidestheParMETIS_PartGeom functionfor partitioningunstructuredjraphsvhencoordinates
for the verticesare available. ParMETIS_PartGeom computesa partitioningbasedonly on the space-fillingcurve
method.Thereforejt is extremelyfast(often5 to 10 timesfasterthanParMETIS _PartGeomKway), but it computes
poor quality partitionings(it may cut 2 to 10 timesmoreedgeghanParMETIS_PartGeomKway). This routinecan
be usefulfor certaincomputationsn which the useof space-fillingcunesis the appropriatepartitioningtechnique
(e.g., n-bodycomputations).

3.2 Partitioning Meshes Directl y

PARMETS, Version 3.0 also provides new routinesthat supportthe computationof partitioningsand repartition-
ings given meshegand not graphs)asinputs. In particular ParMETIS_V3_PartMeshKway take a meshasinput
and computesa partitioning of the meshelements. Internally ParMETIS_V3_PartMeshKway usesa mesh-to-
graphroutine andthen calls the samecore partitioning routine that is usedby both ParMETIS_V3_PartKway and
ParMETIS_V3_PartGeomKway.

PARMEIS providesno suchroutinesfor computingadaptve repartitioningsdirectly from meshes.However, it
doesprovide the routine ParMETIS_V3_Mesh2Dual for constructinga dual graphgiven a mesh,quickly andin
parallel. Sincethe constructionof the dual graphis in parallel, it can be usedto constructthe input graphfor
ParMETIS_V3_AdaptiveRepart.

Essentiallyboth ParMETIS_V3_PartMeshKway and ParMETIS_V3_Mesh2Dual take the burdenof writing an
efficient mesh-to-grapmoutinefrom the user Our experimentshave shavn thatthis routinetypically runsin about
half thetime thatit takesfor PARMETS to computea partitioning.

3.3 Partitioning Adaptivel y Refined Meshes

For large-scalescientificsimulationsthe computationatequirementsf techniqueselying on globally refinedmeshes
becomevery high, especiallyasthe compleity andsizeof the problemsincreaseBy locally refiningandde-refining
the mesheitherto captureflow-field phenomenaf interest[1] or to accountfor variationsin errors[11], adaptie
methodanale standarccomputationamethodamorecosteffective. Theefficientexecutionof suchadaptie scientific
simulationson parallel computersrequiresa periodic repartitioningof the underlyingcomputationaimesh. These
repartitioningsshouldminimize boththeinter-processocommunicationsncurredin theiterative mesh-basedompu-
tationandthe dataredistrikution costsrequiredto balanceheload. Hence adaptve repartitioningis a multi-objective
optimizationproblem.PARMETS providestheroutineParMETIS_V3_AdaptiveRepart for repartitioningsuchadap-
tively refinedmeshes.This routineassumeshat the meshis well distributedamongthe processorshut that (dueto
meshrefinementandde-refinementhis distribution is poorly loadbalanced.

Repartitioningalgorithmsfall into two generalcateyories. The first catggory balanceghe computationby incre-
mentally diffusing load from thosesub-domainghat have morework to adjacentsub-domainghat have lesswork.
Theseschemesrereferredto asdiffusive schemes. The secondcatagory balancegheload by computinganentirely
new partitioning,andthenintelligently mappingthe sub-domain®f the new partitioningto the processorsuchthat
the redistribution costis minimized. Theseschemesre generallyreferredto asremapping schemes. Remapping
schemegypically leadto repartitioningshat have smalleredge-cutsyhile diffusive schemedeadto repartitionings
thatincur smallerredistritution costs. However, sincetheseresultscanvary significantlyamongdifferenttypesof
applicationsijt canbedifficult to selectthe bestrepartitioningschemeor the job.

Recentlywe developeda Unified RepartitioningAlgorithm [15] for adaptve repartitioningthatcombineghebest
characteristice®f remappingand diffusion-basedepartitioningschemes.A key parameteusedby this algorithm
is the ITR Factor. This parametedescribeghe ratio betweenthe time requiredfor performingthe inter-processor
communicationincurredduringparallelprocessingomparedo thetime to performthedataredistribution associated
with balancingheload. As suchiit allows usto computeasinglemetricthatdescribeshe quality of therepartitioning,
eventhoughadaptve repartitioningis a multi-objective optimizationproblem.

ParMETIS_V3_AdaptiveRepart is a parallelimplementatiorof the Unified RepartitioningAlgorithm. Thisis a



multilevel partitioningalgorithm,andso,is in naturesimilarto thethealgorithmimplementedn ParMETIS_V3_PartKway.
However, this routineusesa techniqueknown aslocal coarsening Here,only verticesthathave beendistributedonto
thesameprocessoarecoarsenedogether Onthecoarsesgraph,aninitial partitioningneednotbe computedasone
caneitherbe derived from theinitial graphdistribution (in the casewhensub-domainsrecoupledto processors)or
elseoneneedso be suppliedasaninput to the routine (in the casewhensub-domainsre de-coupledrom proces-
sors). However, this partitioningdoesneedto be balanced.The balancingphases performedon the coarsesgraph
twice by alternatve methods.Thatis, optimizedvariantsof remappinganddiffusionalgorithms[16] arebothusedto
computenew partitionings. A quality metricfor eachof thesepartitioningsis thencomputedusingthe ITR Factor)
andthe partitioningwith the highestquality is selected.This techniquetendsto give very goodpointsfrom which to
startmultilevel refinementyegardlessof the type of repartitioningproblemor the valueof the ITR Factor Notethat
thefactthatthe algorithmcomputegwo initial partitioningsdoesnotimpactits scalabilityaslong asthe size of the
coarsesgyraphis suitablysmall[8]. Finally, multilevel refinements performedonthebalancedgartitioningin orderto
furtherimproveits quality. SinceParMETIS_V3_AdaptiveRepart startsfrom a graphthatis alreadywell distributed,
it is extremelyfast. Experimentna 1024-processdtray T3E shav thatParMETIS_V3_AdaptiveRepart is ableto
computepartitioningsfor a billion-elementmeshin underaminute.

Appropriatevaluesto passfor the ITR Factorparametecaneasilybe determinediependingpn thetimesrequired
to perform (i) all interprocessoicommunicationghat have occurredsincethe last repartitioning,and (ii) the data
redistribution associatedvith thelastrepartitioning/loacalancingphase.Simply divide thefirst time by the second.
The resultis the correctITR Factor In casethesetimescannotbe ascertainede.g., for the first repartitioning/load
balancingohase)pur experimentshave shavn thatvaluesbetweerl00and1000work well for avariety of situations.

ParMETIS_V3_AdaptiveRepart canbe usedto load balancethe mesheitherbeforeor after meshadaptation.n
thelattercase gachprocessofirst locally adaptdts mesh Jeadingto differentprocessorsaving differentnumbersof
elementsParMETIS_V3_AdaptiveRepart canthencomputea partitioningin which the loadis balanced However,
load balancingcanalsobe donebeforeadaptationif the degreeof refinementfor eachelementcanbe estimateda
priori. Thatis, if we know aheadof time into how mary new elementsachold elementwill subdvide, we canuse
theseestimationsasthe weightsof the verticesfor the graphthat correspondso the dual of the mesh. In this case,
the meshcanbe redistributedbeforeadaptiontakes place. This techniquecansignificantlyreducedataredistritution
times[10].

3.4 Partition Refinement

ParMETIS_V3_RefineKway is theroutineprovidedby PARMEITS to improve the quality of an existing partitioning.
Oncea graphis partitionedandit hasbeenredistritutedaccordingly ParMETIS_V3_RefineKway canbe calledto
computeanew partitioningthatfurtherimprovesthequality. Thus,like ParMETIS_V3_AdaptiveRepart, thisroutine
assumeshatthe graphis alreadywell distributedamongthe processors.

ParMETIS_V3_RefineKway canbe usedto improve the quality of partitioningsthat are producedby other par
titioning algorithms(such as the techniquediscussedn Section3.1 that is usedin ParMETIS_V3_PartGeom).
ParMETIS_V3_RefineKway canalsobe usedrepeatedlyto furtherimprove the quality of a partitioning. Thatis, we
can call ParMETIS_V3_RefineKway, maove the graph according to the partitioning, and then call
ParMETIS_V3_RefineKway again. However, eachsuccessie call to ParMETIS_V3_RefineKway will tendto pro-
ducesmallerimprovementsn quality.

Like ParMETIS_V3_AdaptiveRepart, ParMETIS_V3_RefineKway performslocal coarsening.Thesetwo rou-
tinesalsousethe samerefinementalgorithm. The differenceis that ParMETIS_V3_RefineKway doesnot initially
balancethe partitioningon the coarsesgraph,asParMETIS_V3_AdaptiveRepart does. Instead the assumptioris
that the graphis well distributedandthe initial partitioningis balanced.SinceParMETIS_V3_RefineKway starts
from a graphthatis well distributed,it is very fast.
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(a) (b)

Figure 3: A computational mesh for a particle-in-cells simulation (a) and a computational mesh for a contact-impact simulation (b). The particle-in-cells mesh
is partitioned so that both the number of mesh elements and the number of particles are balanced across the sub-domains. Two partitionings are shown for the
contact-impact mesh. The dashed partitioning balances only the number of mesh elements. The solid partitioning balances both the number of mesh elements and
the number of surface (lightly shaded) elements across the sub-domains.

3.5 Partitioning for Multi-phase and Multi-ph ysics Computations

The traditional graphpartitioning problemformulationis limited in the typesof applicationsthatit can effectively
modelbecausd specifieghatonly asinglequantitybeloadbalancedMany importanttypesof multi-phaseandmulti-
physicscomputationsequirethatmultiple quantitiesbeloadbalanceagimultaneouslyThisis becaussynchronization
stepsexist betweerthe differentphase®f the computationsandso, eachphasemustbe individually load balanced.
Thatis, it is not sufficient to simply sumup the relative timesrequiredfor eachphaseandto computea partitioning
basedn this sum.Doing somayleadto someprocessortaving too muchwork duringonephaseof the computation
(andso,thesemaystill beworking afterotherprocessorareidle), andnot enoughwork duringanother Insteadjt is
critical thatevery processohave anequalamountof work from eachphaseof the computation.

Two examplesareparticle-in-cells[17] andcontact-impacsimulations[3]. Figure3 illustratesthe characteristics
of partitioningsthatareneededor thesesimulations.Figure3(a) shovs a meshfor a particles-in-cellcomputation.
Assumingthata synchronizatiorseparatethe mesh-basedomputatiorfrom the particlecomputationa partitioning
is requiredthatbalance$oththe numberof meshelementsandthe numberof particlesacrosshe sub-domainsFig-
ure 3(b) shavs a meshfor a contact-impacsimulation.During the contactdetectionphasecomputatioris performed
only onthesurface(i.e., lightly shadedgelementswhile duringtheimpactphasecomputations performedon all of
the elements.Therefore,in orderto ensurethat both phasesareload balanceda partitioningmustbalanceboth the
total numberof meshelementsandthe numberof surfaceelementsacrosshe sub-domainsThe solid partitioningin
Figure3(b) doesthis. The dashedoartitioningis similar to whata traditionalgraphpartitionermight compute.This
partitioningbalance®nly the total numberof meshelementsThe surfaceelementsareimbalancedy over 50%.

A new formulation of the graph partitioning problemis presentedn [6] that is able to model the problem of
balancingmultiple computationaphasesimultaneouslywhile alsominimizing the interprocessocommunications.
In this formulation, a weight vector of sizem is assignedo eachvertex of the graph. The multi-constaint graph
partitioning problemthenis to computea partitioning such that the edge-cutis minimized and that every sub-
domainhasapproximatelythe sameamountof eachof the vertex weights. The routinesParMETIS_V3_PartKway,
ParMETIS_V3_PartGeomKway, ParMETIS_V3_RefineKway, andParMETIS_V3_AdaptiveRepart areall ableto
computepartitioningsthatsatisfymultiple balanceconstraints.

Figure4 givesthe dualgraphfor the particles-in-cellaneshshowvn in Figure3. Eachvertex hastwo weightshere.
Thefirstrepresentthework associateevith themesh-basedomputatiorfor thecorrespondinglement(Theseareall
onesbecauseave assumén this casethatall of theelementhave thesameamountof mesh-basedork associategvith
them.) Thesecondveightrepresentshework associatedvith theparticle-basedomputation This valueis estimated



Figure 4: A dual graph with vertex weight vectors of size two is constructed from the particle-in-cells mesh from Figure 3. A multi-constraint partitioning has
been computed for this graph, and this partitioning has been projected back to the mesh.

by thenumberof particlesthatfall within eachelement. A multi-constrainfpartitioningis shavn thatbalance$oth of
theseweights.

A relatedgraphpartitioningproblemformulationthatis discussedn [13], allows edgego have multiple weights.
We refer to this asthe multi-objectivegraph partitioning problem Multi-objective graphpartitioningis applicable
for tightly-coupledmulti-physics computationsnvolving multiple, spatially-overlappingmeshes.Later versionsof
PARMETS will supportmultiple edgeweights.

3.6 Partitioning for Heterogeneous Computing Architectures

Comple, heterogeneousomputing platforms, such as groupsof tightly-coupled shared-memorynodesthat are
looselyconnectedia high bandwidthandhigh lateng interconnectiometworks, and/orprocessingnodesthat have
complex memoryhierarchiesare becomingmore common,asthey display competitive cost-to-performanceatios.
The sameis true of platformsthat are geographicallydistributed. Most existing parallelsimulationcodescaneasily
be portedto a wide rangeof parallel architecturesasthey employ a standardmessagindayer suchas MPI. How-
ever, complex andheterogeneouarchitecturepresennew challengego the scalablesxecutionof suchcodes since
mary of the basicparallelalgorithmdesignassumptionsreno longervalid. Oneway of alleviating this problemis
to develop a new classof architecture-aare graphpartitioning algorithmsthat optimally decompose&omputations
giventhe architectureof the parallelplatform. Ideally, this approachwill alleviatethe needfor majorrestructuringof
scientificcodes.

We have taken thefirst stepstoward developingarchitecture-aare graph-partitioningalgorithms. Theseare able
to computepartitioningsthat allow computationsto achieve the highestlevels of performanceregardlessof the
computingplatform. Specifically we have enabledParMETIS_V3_PartKway, ParMETIS_V3_PartGeomKway,
ParMETIS_V3_PartMeshKway, ParMETIS_V3_RefineKway, andParMETIS_V3_AdaptiveRepart to computeef-
ficient partitioningsfor networks of heterogeneouprocessors.To do so, theseroutinesrequirean additionalarray
(t pwgt s) to be passedasa parameterThis arraydescribeghe fraction of the total vertex weight eachsub-domain
shouldcontain. For example,if you have a network of four processorsthe first three of which are of equalpro-
cessingspeed,and the fourth of which is twice asfastasthe others,the userwould passan array containingthe
values(0.2, 0.2, 0.2, 0.4). Note thatby allowing usersto specifytarget sub-domainveightsassuch,heterogeneous
processingpower canbetaken into accountwhencomputinga partitioning. However, this doesnot allow usto take
heterogeneousetwork bandwidthsandlatenciesnto account.Optimizing partitioningsfor heterogeneousetworks
is still thefocusof ongoingresearch.

3.7 Computing Fill-Reducing Orderings
ParMETIS_V3_NodeND is the routine provided by PARMETNS for computingfill-reducing orderings, suited for

10



Cholesly-baseddirect factorizationalgorithms. ParMETIS_V3_NodeND makesno assumption®n how the graph
is initially distributed amongthe processors.It can effectively computefill-reducing orderingsfor graphsthat are
randomlydistributedaswell asgraphsthatarewell distributed.

Thealgorithmimplementedy ParMETIS_V3_NodeND is basenamultilevel nestedlissectioralgorithm. This
algorithmhasbeenshawvn to producelow fill orderingsfor a wide variety of matrices. Furthermoreijt leadsto bal-
ancedeliminationtreesthatareessentiafor paralleldirectfactorization.ParMETIS_V3_NodeND usesa multilevel
node-basedefinementalgorithmthatis particularlysuitedfor directly refining the size of the separatorsTo achieve
high performanceParMETIS_V3_NodeND first usesParMETIS_V3_PartkKway to computea high-quality parti-
tioning andredistributesthe graphaccordingly Next it proceedgo computethe log p levels of the eliminationtree
concurrently Whenthe graphhasbeenseparatednto p parts(where p is the numberof processors)the graphis
redistributedamongthe processosothateachprocessorecevesa singlesubgraphanda multiple minimumdegree
algorithmis usedto orderthesesmallersubgraphs.
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4 Input and Output Formats used by PARMEINS
4.1 Format of the Input Graph

All of the graphroutinesin PARMETIS take asinput the adjaceng structureof the graph,the weightsof the vertices
andedgegq(if ary), andanarraydescribinghow the graphis distributedamongthe processorsNote thatdepending
on the applicationthis graphcanrepresentifferentthings. For example,when PARMEIS is usedto computefill-
reducingorderingsthe graphcorrespondso the non-zerostructureof the matrix (excludingthe diagonalentries).In
the caseof finite elementcomputationsthe verticesof the graphcancorrespondo nodes(points)in the meshwhile
edgegepresenthe connectiondetweerthesenodes.Alternatively, the graphcancorrespondo the dualof thefinite
elementmesh.In this case,eachvertex corresponds$o an elementandtwo verticesare connectedvia an edgeif the
correspondinglementshareanedge(in 2D) or aface(in 3D). Also, thegraphcanbesimilarto thedual,but be more
or lessconnected.Thatis, insteadof limiting edgesto thoseelementghat sharea face,edgescanconnectary two
elementghatshareevena singlenode. However the graphis constructedit is usuallyundirected* Thatis, for every
pair of connectedverticesv andu, it containsbothedges(v, u) and(u, v).

In PARMETIS, the structureof the graphis representethy the compressedtorageformat (CSR),extendedfor the
contet of paralleldistributed-memorycomputing. We will first describethe CSRformatfor serialgraphsandthen
describehow it hasbeenextendedfor storinggraphsthataredistributedamongprocessors.

Serial CSR Format The CSRformatis a widely-usedschemefor storing sparsegraphs. Here, the adjaceng
structureof a graphis representeddy two arrays xadj andadj ncy. Weightson the verticesandedgeq(if ary) are
representedly usingtwo additionalarraysywgt andadj wgt . For example,considera graphwith n verticesandm
edgesln the CSRformat,this graphcanbe describedisingarraysof thefollowing sizes:

xadj [n+ 1] ,vwgt [ n] , adj ncy[ 2m] , andadj wgt [ 2m]

Note thatthe reasorbothadj ncy andadj wgt areof size2m is becausevery edgeis listed twice (i.e., as (v, u)
and(u, v)). Also notethatin the casein which the graphis unweightedi.e., all verticesand/oredgeshave the same
weight), theneitheror both of the arraysvwgt andadj wgt canbe setto NULL. ParMETIS_V3_AdaptiveRepart
additionallyrequiresa vsi ze array This arrayis similar to the vwgt array exceptthatinsteadof describingthe
amountof work thatis associatedvith eachvertex, it describeghe amountof memorythatis associatedvith each
vertex.

Theadjacenyg structureof the graphis storedasfollows. Assumingthatvertex numberingstartsfrom 0 (C style),
theadjaceng list of vertexi is storedin arrayadj ncy startingatindex xadj [ i] andendingat (but notincluding)
index xadj [ i + 1] (in otherwords,adj ncy[ xadj [ i]] upthroughandincludingadj ncy[ xadj [i + 1] - 1] ).
Hence,the adjaceng lists for eachvertex are storedconsecutiely in the arrayadj ncy. The arrayxadj is used
to point to wherethe list for eachspecificvertex begins and ends. Figure 5(b) illustratesthe CSR format for the
15-vertex graphshavn in Figure5(a). If the graphwasweightson the vertices,thenvwgt [ i] is usedto storethe
weightof vertexi. Similarly, if thegraphhasweightson the edgesthentheweightof edgeadj ncy| j] is storedin
adj wgt [ j] . Thisis thesameformatthatis usedby the (serial) METIS library routines.

Distrib uted CSR Format PARMETS usesan extensionof the CSRformatthatallows the verticesof the graph
andtheir adjaceng liststo bedistributedamongthe processorsin particular PARMEIS assumeshateachprocessor
P stores; consecutie verticesof thegraphandthecorrespondingn; edgessothatn = >, nj, and2xm =) ; m;.

Here,eachprocessostoredts local partof thegraphin thefour arraysxadj [ n;+1] ,vwgt [ nj] ,adj ncy[ m;] , and
adj wgt [ m;] , usingthe CSRstoragescheme Again, if the graphis unweightedthearraysvwgt andadj wgt can
be setto NULL. The straightforvard way to distribute the graphfor PARMETS s to take n/ p consecutie adjaceng

listsfrom adj ncy andstorethemon consecutie processorgwherep is thenumberof processors)ln addition,each

4Multi-constraintandmulti-objective graphpartitioningformulations[6, 13] cangetaroundthis requirementor someapplications Thesealso
allow the computatiorof partitioningsfor bipartitegraphsaswell asfor graphscorrespondingo non-squar@ndnon-symmetrignatrices.
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10 11 12 13 14

(a) A sample graph

Description of the graph on a serial computer (serial MeTiS)

xadj 025811131620 24 28 31 33 36 39 42 44
adincy 150261372483906101571126812379134814511610127 111381214913

(b) Serial CSR format

Description of the graph on a parallel computer with 3 processors (ParMeTiS)

Processor 0: xadj 02581113
adincy 1502613724839
vixdist 05 10 15

Processor 1: xadj 037111518
adincy 06101571126812379134814
vixdist 05 10 15

Processor 2: xadj 02581113
adjincy 511610127 11138 12149 13
vixdist 05 10 15

(c) Distributed CSR format

Figure 5: An example of the parameters passed to PARMEITS in a three processor case. The arrays vwgt and adj wgt are
assumed to be NULL.

processoneedsts localxadj arrayto pointto whereeachof its local vertices’adjaceny listsbegin andend. Thus,if
wetake all thelocaladj ncy arraysandconcatenatéhem,we will getexactlythesameadj ncy arraythatis usedin
theserial CSR.However, concatenatinghe localxadj arrayswill notgive ustheserialxadj array Thisis because
the entriesin eachlocal xadj mustpointto theirlocaladj ncy array andso,xadj [ O] is zerofor all processors.
In additionto thesefour arrays,eachprocessonlsorequiresthearrayvt xdi st [ p + 1] thatindicatesthe rangeof
verticesthatarelocal to eachprocessarin particular processoP, storestheverticesfrom vt xdi st [i] upto (but
notincluding)vertex vt xdi st [i + 1] .

Figure5(c)illustratesthedistributed CSRformatby anexampleon a three-process@ystem.The 15-vertex graph
in Figure 5(a) is distributed amongthe processorso that eachprocessomgets5 verticesand their corresponding
adjaceng lists. Thatis, ProcessoZero getsverticesO through4, ProcessoiOne getsvertices5 through9, and
Processoifwo getsvertices10 through14. This figure showvs the xadj , adj ncy, andvt xdi st arraysfor each
processarNotethatthevt xdi st arraywill alwaysbeidenticalfor every processor

All fivearraysthatdescribehedistributedCSRformataredefinedn PARMETS to beof typei dxt ype. By default
i dxt ype is setto be equialentto typei nt (i.e., integers). However, i dxt ype canbe madeto be equialentto
ashort i nt for certainarchitectureshat use64-bit integersby default. (Note thatdoing sowill cutthe memory
usageand communicatiortime requiredapproximatelyin half.) The corversionof i dxt ype fromi nt toshort
canbe doneby modifying thefile par net i s. h. (Instructionsareincludedthere.) The samei dxt ype is usedfor
thearraysthatstorethe computedpartitioningandpermutatiorvectors.

Whenmultiple vertex weightsare usedfor multi-constraintpartitioning, the ¢ vertex weightsfor eachvertex are
storedcontiguouslyin thevwgt array In this casethevwgt arrayis of sizenc, wheren is the numberof locally-
storedverticesandc is the numberof vertex weights(andalsothe numberof balanceconstraints).
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4.2 Format of Vertex Coordinates

As discussedh Section3.1, PARMEIS providesroutinesthatusethe coordinatanformationof the verticesto quickly

pre-distritute the graph, and so, speedupthe executionof the parallel k-way partitioning. Thesecoordinatesare

specifiedin an array called xyz of single precisionfloating point numbers(i.e., f| oat). If d is the numberof

dimensionsof themesh(i.e., d = 2 for 2D meshe®r d = 3 for 3D meshes)theneachprocessorequiresan array
of sized x nj, wheren; is the numberof locally-storedvertices. (Note that the numberof dimensionof the mesh,
d, is requiredasa parameteto the routine.) In this array the coordinateof vertex i are storedstartingat location

xyz[i=d] upto (butnotincluding)locationxyz[ i xd +d] . For example,if d = 3, thenthex, y, andz coordinates
of vertex i arestoredatxyz[ 3*i],xyz[ 3*i +1] ,andxyz[ 3*i +2] , respectiely.

4.3 Format of the Input Mesh

The routine ParMETIS_V3_PartMeshKway takes a distributed mesh and computesits partitioning, while
ParMETIS_V3_Mesh2Dual 2dualtakesa distributed meshand constructsa distributed dual graph. Both of these
routinesrequireanel ndi st arraythatspecifieghedistribution of the meshelementshut thatis otherwiseidentical
to thevt xdi st array They alsorequirea pair of arrayscalledept r andei nd, aswell asthe integer parameter
ncomonnodes.

Theept r andei nd arraysaresimilarin natureto thexadj andadj ncy arraysusedto specifythe adjaceng
list of agraphbut now for eachelementthey specifythe setof nodesthatmake up eachelement.Specifically the set
of nodeghatbelongto element is storedin arrayei nd startingatindex ept r [ i] andendingat (but notincluding)
indexeptr[i-+1] (inotherwords,ei nd[ eptr[i]] upthroughandincludingei nd[ ept r[i+1] - 1] ). Hence,
the nodelists for eachelementare storedconsecutiely in the arrayei nd. This format allows the specificationof
mesheghatcontainelementof mixedtype.

The ncommonnodes parametespecifiesthe degreeof connecwity thatis desiredbetweenthe verticesof the
dual graph. Specifically an edgeis placedbetweentwo verticesif their correspondingneshelementsshareat least
g nodeswhereg is thenconmonnodes parameterHence this parametecanbe setto resultin a traditionaldual
graph(e.g., a value of two for a triangle meshor a value of four for a hexahedralmesh). However, it canalsobe
sethigheror lower for increasedr decreasedonnectity. ParMETIS_V3_PartMeshKway additionallyrequiresan
el mmgt arraythatis analogougo thevwgt array

4.4 Format of the Computed Partitionings and Orderings

Format of the Partitioning Array Thepartitioningandrepartitioningroutinesrequirethatarrays(calledpart )
of sizesn; (wheren; is the numberof local vertices)be passedas parameterso eachprocessar Upon completion
of the PARMETIS routine,for eachvertex j, the sub-domaimumber(i.e., the processotabel) to which this vertex
belongswill have beenwrittentopart[ j] . NotethatPARMENS doesnotredistritutethegraphaccordingo thenewv
partitioning,it simply computeghe partitioningandwritesit to thepar t array

Additionally, whene&er the numberof sub-domaingloesnot equalthe numberof processorshatareusedto com-
putea repartitioning,ParMETIS_V3_AdaptiveRepart requiresthatthe previously computedpartitioningbe passed
asaparametewvia thepart array (Thisis alsorequiredwheneer the userchoosedo de-couplethe sub-domains
from the processorsSeediscussionn Section5.2.) This is becauséheinitial partitioningneedgo be obtainedfrom
thevaluessuppliedin thepart array If the numbersof sub-domainsaindprocessorareequal,thentheinitial parti-
tioning canbe obtainedfrom theinitial graphdistribution, andsothisinformationneednot be supplied.(In this case,
for eachprocessor, every elementof part wouldbesettoi.)

Format of the Permutation Array Likewise,eachprocessorunningParMETIS_V3_NodeND writesits portion
of the computedfill-reducing orderingto an array calledor der . Similarto thepart array the sizeof or der is
equalto the numberof verticesstoredat eachprocessarUpon completion,for eachvertex j, or der [ j] storesthe
new globalnumberof this vertex in thefill-reducing permutation.

Besidesthe ordering vector ParMETIS_V3_NodeND also returnsinformation aboutthe sizesof the different
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si zes 2222223

or der 10146 7 4 51310112 312 8 9

Figure 6: An example of the ordering produced by ParMETIS_V3_NodeND. Consider the simple 3 x 5 grid and assume that
we have four processors. ParMETIS_V3_NodeND finds the three separators that are shaded. It first finds the big separator and
then for each of the two sub-domains it finds the smaller. At the end of the ordering, the or der vector concatenated over all the
processors will be the one shown. Similarly, the si zes arrays will all be identical to the one shown, corresponding to the regions
pointed to by the arrows.

sub-domainsaswell asthe separatorst differentlevels. This arrayis calledsi zes andis of size2p (wherep is
the numberof processors) Every processomustsupplythis array anduponreturn, eachof the si zes arraysare
identical.

The format of this arrayis asfollows. Thefirst p entriesof si zes startingfrom 0 to p — 1 storethe numberof
nodesin eachone of the p sub-domainsTheremainingp — 1 entriesof this arraystartingfrom si zes[ p] upto
si zes[ 2p—2] storethesizesof theseparatoratthelog p levelsof nestedlissectionln particularsi zes[ 2p—2]
storeghesizeof thetop level separatgrsi zes[ 2p— 4] andsi zes[ 2p— 3] storethesizesof thetwo separatorst
thesecondevel (from left to right). Similarly, si zes[ 2p — 8] throughsi zes[ 2p — 5] storethesizesof the four
separatorsf thethird level (from left to right), andsoon. Thisarraycanbeusedto quickly constructheseparatotree
(aform of aneliminationtree)for directfactorization.Giventhis separatotreeandthe sizesof the sub-domainsthe
nodesin the orderingproducedby ParMETIS_V3_NodeND arenumberedn a postordefashion.Figureé6 illustrates
thesi zes arrayandthe postorderordering.

4.5 Numbering and Memory Allocation

PARMETS allows the userto specifya graphwhosenumberingstartseitherat 0 (C style) or at 1 (Fortranstyle). Of
course,PARMETS requiresthat samenumberingschemebe usedconsistentlyfor all the arrayspassedo it, andit
writesto thepart andor der arrayssimilarly.

PARMETS allocatesall thememorythatit requiresdynamically This hastheadwantagethatthe userdoesnot have
to provide workspace However, if thereis notenoughmemoryon the machine theroutinesin PARMETS will abort.
Note thatthe routinesin PARMETS do not modify the arraysthat storethe graph(e.g., xadj andadj ncy). They
only modify thepar t andor der arrays.
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5 Calling Sequence of the Routines in PARMETNS

The calling sequencesf the PARMETS routinesaredescribedn this section.
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5.1 Graph Partitioning

ParMETIS V3 _PartKway (idxtype*vtxdist, idxtype*xadj, idxtype*adjncy, idxtype*vwgt, idxtype *adjwgt,

Description

int *wgtflag, int *numflag,int *ncon, int *nparts,float *tpwgts, float *ubvec,
int *options,int *edgecutjdxtype*part, MPI_Comm*comm)

This routineis usedto computea k-way partitioning of a graphon p processorsising the multilevel k-way
multi-constraintpartitioningalgorithm.

Parameter s
vixdist

Thisarraydescribefiow theverticesof thegrapharedistributedamongthe processors(Seediscus-
sionin Section4.1). Its contentsareidenticalfor every processar

xadj, adjncy

Thesestorethe (local) adjaceng structureof the graphat eachprocessar (Seediscussiorin Sec-
tion4.1).

vwgt, adjwgt

wgtflag

numflag

ncon

nparts

tpwgts

ubvec

options

Thesestoretheweightsof theverticesandedges(Seediscussiorin Sectiord.1).
Thisis usedto indicateif the graphis weighted.wgtflag cantake oneof four values:

0 No weights(vwgt andadjwgtarebothNULL).
1 Weightsontheedgesonly (vwgtis NULL).

2 Weightsontheverticesonly (adjwgtis NULL).
3 Weightson boththe verticesandedges.

This is usedto indicatethe numberingschemethat is usedfor the vixdist xadj, adjncy, and part
arrays.numflay cantake oneof two values:

0 C-stylenumberingthatstartsfrom 0.
1 Fortran-stylenumberingthatstartsfrom 1.

This is usedto specifythe numberof weightsthateachvertex has. It is alsothe numberof balance
constraintghatmustbe satisfied.

This is usedto specifythe numberof sub-domainghat are desired. Note that the numberof sub-
domainsis independentf the numberof processorshatcall this routine.

An arrayof sizencon x npart s thatis usedto specifythe fraction of vertex weightthat should
be distributedto eachsub-domairfor eachbalanceconstraint.If all of the sub-domainsreto be of

the samesizefor every vertex weight,theneachof thencon x npar t s elementshouldbesetto a

valueof 1/npart s. If ncon is greatetthanone,thetargetsub-domairweightsfor eachsub-domain
arestoredcontiguously(similar to the vwgt array). Note thatthe sumof all of thet pwgt s for a

give vertex weightshouldbe one.

An arrayof sizencon thatis usedto specifytheimbalanceolerancedor eachvertex weight,with 1
beingperfectbalanceandnpart s beingperfectimbalance.A valueof 1.05for eachof thencon
weightsis recommended.

Thisis anarrayof integersthatis usedto passadditionalparameterfor theroutine.If options[0]=0,
thenthe default valuesare used. If options[0]=1, thenthe remainingtwo elementf optionsare
interpretedasfollows:

options[1] This specifieghe level of informationto be returnedduring the executionof the algo-
rithm. Timing informationcanbe obtainedby settingthisto 1. Additional optionsfor
this parametecanbe obtainedby looking atthethefile def s. h in thePar METI S-
Li b directory Thenumericalvaluesthereshouldbe addedo obtainthecorrectvalue.
Thedefaultvalueis 0.
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edgecut

part

comm

options[2] Thisis therandomnumberseedfor theroutine. Thedefaultvalueis 15.

Upon successfutompletion,the numberof edgesthat are cut by the partitioningis written to this
parameter

Thisis anarrayof sizeequalto thenumberof locally-storedvertices.Uponsuccessfutompletiorthe
partitionvectorof thelocally-storedverticesis written to this array (Seediscussiorin Section4.4).

This is a pointerto the MPI communicatoof the processethat call PARMETS. For mostprograms
thiswill pointto MPI _COVMWORLD.
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ParMETIS _V3_PartGeomKwa y (idxtype*vtxdist, idxtype*xadj, idxtype*adjncy, idxtype*vwgt, idxtype*adjwgt,

Description

int *wgtflag, int *numflag,int *ndims, float*xyz, int *ncon, int *nparts,
float *tpwgts, float *ubvec, int *options,int *edgecut,jdxtype*part,
MPI_Comm*comm)

This routineis usedto computea k-way partitioningof a graphon p processordy combiningthe coordinate-
basedandmulti-constraink-way partitioningschemes.

Parameter s
vixdist

Thisarraydescribesiow the verticesof thegrapharedistributedamongthe processors(Seediscus-
sionin Section4.1). Its contentsareidenticalfor every processar

xadj, adjncy

Thesestorethe (local) adjacenyg structureof the graphat eachprocessar (Seediscussionn Sec-
tion4.1).

vwgt, adjwgt

wgtflag

numflag

ndims
Xyz

ncon

nparts

tpwgts

ubvec

options

edgecut

Thesestoretheweightsof the verticesandedges(Seediscussiorin Sectior4.1).
Thisis usedto indicateif the graphis weighted.wgtflag cantake oneof four values:

0 Noweights(vwgt andadjwgtarebothNULL).

1 Weightsontheedgewonly (vwgtis NULL).

2 Weightsontheverticesonly (adjwgtis NULL).

3 Weightson boththe verticesandedges.

This is usedto indicatethe numberingschemethat is usedfor the vtxdist xadj, adjncy, and part
arrays.numflagy cantake oneof two values:

0 C-stylenumberingthatstartsfrom 0.

1 Fortran-stylenumberingthatstartsfrom 1.

Thenumberof dimensionf thespacdan which the graphis embedded.
Thearraystoringthe coordinate®f the vertices(describedn Section4.2).

This is usedto specifythe numberof weightsthateachvertex has. It is alsothe numberof balance
constraintghatmustbe satisfied.

This is usedto specifythe numberof sub-domainghat are desired. Note that the numberof sub-
domainss independenof the numberof processorshatcall this routine.

An arrayof sizencon x npart s thatis usedto specifythe fraction of vertex weightthat should
be distributedto eachsub-domairfor eachbalanceconstraint.If all of the sub-domaingreto be of

thesamesizefor every vertex weight,theneachof thencon x npar t s elementshouldbesetto a

valueof 1/npart s. If ncon is greatethanone,thetagetsub-domairweightsfor eachsub-domain
arestoredcontiguously(similar to the vwgt array). Note thatthe sumof all of thet pwgt s for a

give vertex weightshouldbeone.

An arrayof sizencon thatis usedto specifytheimbalanceolerancefor eachvertex weight,with 1
beingperfectbalanceandnpar t s beingperfectimbalance.A valueof 1.05for eachof thencon
weightsis recommended.

Thisis anarrayof integersthatis usedto pasgparameterso theroutine. Theirmeaningsreidentical
to thoseof ParMETIS_V3_PartKway.

Upon successfutompletion,the numberof edgesthat are cut by the partitioningis written to this
parameter
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part Thisis anarrayof sizeequalto thenumberof locally-storedvertices.Uponsuccessfutompletiorthe
partitionvectorof thelocally-storedverticesis written to this array (Seediscussionn Section4.4).

comm Thisis apointerto the MPI communicatoof the processethat call PARMETS. For mostprograms
thiswill pointto MPI _COVMWORLD.

Note
The quality of the partitioningscomputedby ParMETIS_V3_PartGeomKway are comparableo thosepro-
ducedby ParMETIS_V3_PartKway. However, theruntime of theroutinemaybe up to twice asfast.
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ParMETIS _V3_PartGeom (idxtype*vtxdist, int *ndims, float*xyz, idxtype*part, MPI_Comm*comm)

Description
This routine is usedto computea p-way partitioning of a graphon p processoraising a coordinate-based
space-fillingcurvesmethod.

Parameter s
vixdist ~ Thisarraydescribehow theverticesof thegrapharedistributedamongthe processors(Seediscus-
sionin Section4.1). Its contentsareidenticalfor every processor

ndims  Thenumberof dimensionf thespacan which the graphis embedded.
Xyz Thearraystoringthe coordinate®f the vertices(describedn Section4.2).

part Thisis anarrayof sizeequalto the numberof locally storedvertices. Upon successfutompletion
storegthe partitionvectorof thelocally storedgraph(describedn Section4.4).

comm  Thisis apointerto the MPI communicatoof the processethatcall PARMEIS. For mostprograms
thiswill pointto MPI _COVMWORLD.

Note
The quality of the partitioningscomputedby ParMETIS_V3_PartGeom are significantly worse than those
producedy ParMETIS_V3_PartKway andParMETIS_V3_PartGeomKway.
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ParMETIS _V3_PartMeshKwa y (idxtype*elmdist, idxtype *eptr, idxtype*eind, idxtype*elmwgt,
int *wgtflag, int *numflag,int *ncon, int *ncommonnodesdnt *nparts,
float *tpwgts, float *ubvec, int *options,int *edgecutidxtype*part,
MPI_Comm*comm)

Description
Thisroutineis usedto computea k-way partitioningof ameshon p processorsThe meshcancontainelements
of differenttypes.

Parameter s

elmdist  This arraydescribeshow the elementf the mesharedistributedamongthe processorsilt is anal-
ogousto the vt xdi st array Its contentsare identical for every processar (Seediscussionin
Section4.3).

eptr, eind
Thesearraysspecifiesthe elementsthat are storedlocally at eachprocessar (Seediscussionin
Sectior4.3).

elmwgt Thisarraystoresheweightsof the elements(Seediscussiorin Section4.3).

wgtflag  Thisis usedto indicateif the graphis weighted.wgtflag cantake oneof four values:

0 No weights(vwgt andadjwgtarebothNULL).
1 Weightsontheedgesonly (vwgtis NULL).
2 Weightsontheverticesonly (adjwgtis NULL).
3 Weightson boththeverticesandedges.
numflag Thisis usedto indicatethenumberingschemehatis usedfor the elmdist elementsandpart arrays.
numflay cantake oneof two values:
0 C-stylenumberingthatstartsfrom 0.
1 Fortran-stylenumberingthatstartsfrom 1.

ncon This is usedto specifythe numberof weightsthateachvertex has. It is alsothe numberof balance
constraintghatmustbe satisfied.
ncommonnodes

This parametedetermineghe degreeof connectvity amongthe verticesin the dualgraph. Specifi-

cally, anedgeis placedbetweerary two elementsf andonly if they shareatleastthis mary nodes.
This value shouldbe greaterthanzero,andfor mostmeshesa value of two will createreasonable
dualgraphs.However, dependingon the type of elementsn the mesh valuesgreaterthantwo may

alsobe valid choices.For example,for meshegontainingonly triangular tetrahedralhexahedral,

or rectangulaelementsthis parametecanbe setto two, three four, or two, respectiely.

Note that settingthis parameteto a small valuewill increasehe numberof edgesin the resulting

dualgraphandthe correspondingpartitioningtime.

nparts  This is usedto specifythe numberof sub-domainghat are desired. Note that the numberof sub-
domainss independenof the numberof processorshatcall this routine.

tpwgts  An arrayof sizencon x npart s thatis usedto specifythe fraction of vertex weightthat should
be distributedto eachsub-domairfor eachbalanceconstraint.If all of the sub-domaingreto be of
thesamesizefor every vertex weight,theneachof thencon x npar t s elementshouldbesetto a
valueof 1/npart s. If ncon is greatethanone,thetamgetsub-domairweightsfor eachsub-domain
arestoredcontiguously(similar to thevwgt array). Note thatthe sumof all of thet pwgt s for a
give vertex weightshouldbe one.
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ubvec An arrayof sizencon thatis usedto specifytheimbalanceoleranceor eachvertex weight,with 1
beingperfectbalanceandnpar t s beingperfectimbalance.A valueof 1.05for eachof thencon
weightsis recommended.

options  Thisis anarrayof integersthatis usedto passparameterso theroutine. Their meaningsareidentical
to thoseof ParMETIS_V3_PartKway.

edgecut Upon successfutompletion,the numberof edgesthat are cut by the partitioningis written to this
parameter

part Thisis anarrayof sizeequalto thenumberof locally-storedvertices.Uponsuccessfutompletiorthe
partitionvectorof the locally-storedverticesis written to this array (Seediscussiorin Section4.4).

comm  Thisis apointerto the MPI communicatoof the processethatcall PARMETS. For mostprograms
thiswill pointto MPI _COVMWORLD.
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5.2 Graph Repartitioning

ParMETIS _V3_AdaptiveRepar t (idxtype*vtxdist, idxtype *xadj, idxtype *adjncy, idxtype*vwgt, idxtype *vsize,

Description

idxtype*adjwgt, int *wgtflag, int *numflag,int *ncon, int *nparts,float *tpwgts,
float*ubvec,float*itr, int *options,int *edgecut,dxtype*part,
MPI_Comm*comm)

Thisroutineis usedto balancehework loadof agraphthatcorrespondso anadaptvely refinedmesh.

Parameter s
vixdist

Thisarraydescribefiow theverticesof thegrapharedistributedamongthe processors(Seediscus-
sionin Section4.1). Its contentsareidenticalfor every processar

xadj, adjncy

Thesestorethe (local) adjaceng structureof the graphat eachprocessar (Seediscussiorin Sec-
tion4.1).

vwgt, adjwgt

vsize

wgtflag

numflag

ncon

nparts

tpwgts

ubvec

itr

Thesestoretheweightsof theverticesandedges(Seediscussiorin Sectiord.1).

This arraystoresthe sizeof the verticeswith respecto redistribution costs.Hence verticesassoci-
atedwith meshelementghatrequirealot of memorywill have larger correspondingentriesin this
array Otherwisethis arrayis similarto thevwgt array (Seediscussionn Section4.1).

Thisis usedto indicateif the graphis weighted.wgtflag cantake oneof four values:

0 No weights(vwgt andadjwgtarebothNULL).
1 Weightsontheedgesonly (vwgtis NULL).

2 Weightsontheverticesonly (adjwgtis NULL).
3 Weightson boththe verticesandedges.

This is usedto indicatethe numberingschemethat is usedfor the vtxdist xadj, adjncy, and part
arrays.numflay cantake thefollowing two values:

0 C-stylenumberings assumedhatstartsfrom O
1 Fortran-stylenumberings assumedhatstartsfrom 1

This is usedto specifythe numberof weightsthateachvertex has. It is alsothe numberof balance
constraintghatmustbe satisfied.

This is usedto specifythe numberof sub-domainghat are desired. Note that the numberof sub-
domainss independentf the numberof processorshatcall this routine.

An arrayof sizencon x npart s thatis usedto specifythe fraction of vertex weightthat should
be distributedto eachsub-domairfor eachbalanceconstraint.If all of the sub-domaingreto be of

thesamesizefor every vertex weight,theneachof thencon x npar t s elementshouldbesetto a

valueof 1/npart s. If ncon is greatethanone,thetargetsub-domairweightsfor eachsub-domain
arestoredcontiguously(similar to thevwgt array). Note thatthe sumof all of thet pwgt s for a

give vertex weightshouldbe one.

An arrayof sizencon thatis usedto specifytheimbalanceoleranceor eachvertex weight,with 1
beingperfectbalanceandnpar t s beingperfectimbalance.A valueof 1.05for eachof thencon
weightsis recommended.

This parametedescribegheratio of interprocessocommunicationiime comparedo dataredistri-
bution time. It shouldbe setbetween).000001and1000000.0.If ITR is sethigh, a repartitioning
with alow edge-cutvill becomputedlf it is setlow, arepartitioningthatrequiredittle dataredistri-
butionwill becomputed Goodvaluesfor this parametecanbeobtainedy dividing inter-processor
communicationiime by dataredistribution time. Otherwise a valueof 1000.0is recommended.
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options

edgecut

part

comm

Thisis anarrayof integersthatis usedto passadditionalparameterfor theroutine.If options[0]=0,
thenthe default valuesareused. If options[0]=1, thenthe remainingthreeelementof optionsare
interpretedasfollows:

options[1]

options[2]
options[3]

This specifieghelevel of informationto be returnedduring the executionof the algo-
rithm. Timing informationcanbe obtainedby settingthisto 1. Additional optionsfor
this parameteranbe obtainedby looking atthethefile def s. h in thePar METI S-
Li b directory Thenumericalvaluesthereshouldbe addedo obtainthe correctvalue.
Thedefaultvalueis 0.

Thisis therandomnumberseedfor theroutine. Thedefault valueis 15.

This specifieswhetherthe sub-domainsandprocessorsre coupledor de-coupled.If
the numberof sub-domainglesired(i.e., npar t s) andthe numberof processorshat
arebeingusedis not the same thenthesemustbe de-coupled.However, if npart s
equalsthe numberof processorsthesecan either be coupledor de-coupled.If sub-
domainsandprocessorsrecoupled,thentheinitial partitioningwill be obtainedim-
plicitly from the graphdistribution. However, if sub-domainsare de-coupledfrom
processorghentheinitial partitioningneedso be obtainedfrom theinitial valuesas-
signedto thepart array A valueof 1 indicatesthatsub-domain@andprocessorare
coupledand? indicatesthat theseare de-coupled.The default valueis 1 (coupled)if
npart s equalshe numberof processorand2 (de-coupledptherwise.

Upon successfutompletion,the numberof edgesthatare cut by the partitioningis written to this

parameter

Thisis anarrayof sizeequalto thenumberof locally-storedvertices.Uponsuccessfutompletiorthe
partitionvectorof thelocally-storedverticesis written to this array (Seediscussiorin Section4.4).
If the numberof processorsloesnot equalthe numberof sub-domain&nd/oroptions|[3]is setto 2,
thenthe previously computedpartitioningmustbe passedo theroutineasa parametevia thisarray

This is a pointerto the MPI communicatoof the processethat call PARMETS. For mostprograms
thiswill pointto MPI _COMMWORLD.
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5.3 Partitioning Refinement

ParMETIS _V3_RefineKwa y (idxtype*vtxdist, idxtype*xadj, idxtype*adjncy, idxtype*vwgt, idxtype *adjwgt,

Description

int *wgtflag, int *numflag,int *ncon, int *nparts,float *tpwgts, float *ubvec,
int *options,int *edgecut,jdxtype*part, MPI_Comm*comm)

Thisroutineis usedto improve the quality of anexisting a k-way partitioningon p processorsisingthe multi-
level k-way refinemenglgorithm.

Parameter s

vixdist ~ Thisarraydescribehow theverticesof thegrapharedistributedamongthe processors(Seediscus-
sionin Section4.1). Its contentsareidenticalfor every processar

xadj, adjncy
Thesestorethe (local) adjacenyg structureof the graphat eachprocessar (Seediscussionn Sec-
tion4.1).

vwgt, adjwgt
Thesestoretheweightsof the verticesandedges(Seediscussiorin Sectior4.1).

ncon This is usedto specifythe numberof weightsthateachvertex has. It is alsothe numberof balance
constraintghatmustbe satisfied.

nparts  Thisis usedto specifythe numberof sub-domainghat are desired. Note that the numberof sub-
domainsis independenof the numberof processorshatcall this routine.

wgtflag  Thisis usedto indicateif the graphis weighted.wgtflag cantake oneof four values:
0 Noweights(vwgt andadjwgtarebothNULL).
1 Weightsontheedgesonly (vwgtis NULL).
2 Weightsontheverticesonly (adjwgtis NULL).
3 Weightson boththeverticesandedges.

numflag This is usedto indicatethe numberingschemethat is usedfor the vtxdist xadj, adjncy, and part
arrays.numflay cantake thefollowing two values:
0 C-stylenumberings assumedhatstartsfrom 0
1 Fortran-stylenumberings assumedhatstartsfrom 1

tpwgts  An arrayof sizencon x npart s thatis usedto specifythe fraction of vertex weightthat should
be distributedto eachsub-domairfor eachbalanceconstraint.If all of the sub-domaingreto be of
thesamesizefor every vertex weight,theneachof thencon x npar t s elementshouldbe setto a
valueof 1/npart s. If ncon is greatethanone,thetargetsub-domairweightsfor eachsub-domain
arestoredcontiguously(similar to thevwgt array). Note thatthe sumof all of thet pwgt s for a
give vertex weightshouldbe one.

ubvec An arrayof sizencon thatis usedto specifytheimbalanceolerancedor eachvertex weight,with 1
beingperfectbalanceandnpart s beingperfectimbalance.A valueof 1.05for eachof thencon
weightsis recommended.

options  Thisis anarrayof integersthatis usedto pasgparameterto theroutine. Theirmeaningsareidentical
to thoseof ParMETIS_V3_PartKway.

edgecut Upon successfutompletion,the numberof edgesthatare cut by the partitioningis written to this
parameter

part Thisis anarrayof sizeequalto thenumberof locally-storedvertices.Uponsuccessfutompletiorthe
partitionvectorof the locally-storedverticesis written to this array (Seediscussiorin Section4.4).

comm  Thisis apointerto the MPI communicatoof the processethatcall PARMETS. For mostprograms

thiswill pointto MPI _COVMWORLD.
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5.4 Fill-reducing Orderings

ParMETIS _V3_NodeND (idxtype*vtxdist, idxtype*xadj, idxtype*adjncy, int *numflag,int *options,

Description
Thisroutineis usedto computeafill-reducing orderingof a sparsematrix usingmultilevel nesteddissection.

idxtype*order, idxtype*sizes,MPI_Comm*comm)

Parameter s
vixdist ~ Thisarraydescribehow theverticesof thegrapharedistributedamongthe processors(Seediscus-
sionin Section4.1). Its contentsareidenticalfor every processor
xadj, adjncy
Thesestorethe (local) adjaceng structureof the graphat eachprocessolSeediscussionn Sec-
tion 4.1).
numflag This is usedto indicatethe numberingschemethatis usedfor the vtxdist xadj, adjncy, andorder
arrays.numflay cantake thefollowing two values:
0 C-stylenumberings assumedhatstartsfrom O
1 Fortran-stylenumberings assumedhatstartsfrom 1
options  Thisis anarrayof integersthatis usedto pasgparameterso theroutine. Theirmeaningsreidentical
to thoseof ParMETIS_V3_PartKway.
order This arrayreturnstheresultof the ordering(describedn Section4.4).
sizes This arrayreturnsthe numberof nodesfor eachsub-domairandeachseparatofdescribedn Sec-
tion 4.4).
comm Thisis apointerto the MPI communicatoof the processethat call PARMETS. For mostprograms
thiswill pointto MPI _COVMWORLD.
Note

ParMETIS_V3_NodeND requireshatthenumberof processorde a power of 2.
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5.5 Mesh to Graph Translation

ParMETIS _V3_Mesh2Dual (idxtype*elmdist,idxtype*eptr, idxtype*eind, int *numflag,
int *ncommonnodeddxtype**xadj, idxtype**adjncy, MPI_Comm*comm)

Description
Thisroutineis usedto constructa distributedgraphgivena distributedmesh.It canbe usedin conjunctionwith
otherroutinesin the PARMEIIS library. The meshcancontainelementof differenttypes.

Parameter s
elmdist Thisarraydescribeshow the elementof the mesharedistributedamongthe processorsilt is anal-
ogousto the vt xdi st array Its contentsare identical for every processar (Seediscussionin
Section4.3).
eptr, eind
Thesearraysspecifiesthe elementsthat are storedlocally at eachprocessar (Seediscussionin
Sectior4.3).

numflag Thisis usedto indicatethe numberingschemethatis usedfor the eimdist elementsxadj, adjncy;
andpart arrays.numflay cantake oneof two values:

0 C-stylenumberingthatstartsfrom 0.
1 Fortran-stylenumberingthatstartsfrom 1.

ncommonnodes
This parametedetermineghe degreeof connectvity amongthe verticesin the dualgraph. Specifi-
cally, anedgeis placedbetweerary two elementsf andonly if they shareatleastthis mary nodes.
This value shouldbe greaterthanzero,andfor mostmeshesa value of two will createreasonable
dualgraphs.However, dependingon the type of elementsn the mesh valuesgreaterthantwo may
alsobe valid choices.For example,for meshesontainingonly triangular tetrahedralhexahedral,
or rectangulaelementsthis parametecanbe setto two, three,four, or two, respectiely.
Note that settingthis parameteto a small valuewill increasehe numberof edgesin the resulting
dualgraphandthe correspondingpartitioningtime.

xadj, adjncy
Uponthesuccessfutompletionof theroutine,pointersto theconstructeckadj andadj ncy arrays
will bewrittento theseparameters(Seediscussionn Sectiord.1).

comm  Thisis apointerto the MPI communicatoof the processethatcall PARMEIS. For mostprograms
thiswill pointto MPI _COVMWORLD.

Note
This routinecanbe usedin conjunctionwith ParMETIS_V3_PartkKway, ParMETIS_V3_PartGeomKway, or
ParMETIS_V3_AdaptiveRepart. It typically runsin half thetime requiredby ParMETIS_V3_PartKway.
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6 Hardware & Software Requirements, and Contact Information

PARMETS is written in ANSI C and usesMPI for interprocessorcommunication. Instructionson how to build
PARMETS areavailablein the | NSTALL file. In the directorycalledGr aphs, you will find programsthat testsif
PARMETS wasbuilt correctly Also, a headeffile calledpar net i s. h is provided that containsprototypesfor the
functionsin PARMETS.

In orderto use PARMETS in your applicationyou needto have a copy of the serial METIS library andlink your
programwith bothlibraries(i.e., | i bpar nmeti s. a andl i bneti s. a). Notethatthe PARMETS packagealready
containsthe sourcecodefor the METS library. TheincludedMakefilesautomaticallyconstructothlibraries.

PARMETS have beenextensiely testedon a numberof different parallel computers. However, even though
PARMETS containsno known bugs,this doesnot meanthatall of its bugshave beenfoundandfixed. If you have ary
problemspleasesendemailto metis@cs.umn.eduith a brief descriptionof the problem.
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